The existence of static, spherically symmetric, self-gravitating scalar field solutions in the context of Born-Infeld gravity is explored. Upon a combination of analytical approximations and numerical methods, the equations for a free scalar field (without a potential term) are solved, verifying that the solutions recover the predictions of General Relativity far from the center but finding important new effects in the central regions. We find two classes of objects depending on the ratio between the Schwarzschild radius and a length scale associated to the Born-Infeld theory: massive solutions have a wormhole structure, with their throat at r ≈ 2M , while for the lighter configurations the topology is Euclidean. The total energy density of these solutions exhibits a solitonic profile with a maximum peaked away from the center, and located at the throat whenever a wormhole exists. The geodesic structure and curvature invariants are analyzed for the various configurations considered.
I. INTRODUCTION
The notion of regular, self-gravitating fields in the context of gravitation has been at debate in the literature for decades, in particular grounded by the notion of geon (gravitational-electromagnetic entity) introduced by J. A. Wheeler in 1955 [1, 2] . On its first version, geons were conjectured to exist as balls of light, namely, as electromagnetic beams with such a high intensity that they would be held together for very long times due to their own gravitational self-interaction. Equipped with the additional ingredient of non-trivial topologies, Misner and Wheeler initiated a pioneering approach where classical electric charges, masses and other particle-like properties would be explained as purely geometric phenomena [3] . They went forward to coin the charge-without-charge and mass-without-mass mechanisms, by which charge and mass would emerge as properties resulting from a sourceless flux trapped into the non-trivial topology of a wormhole.
In a broader sense, geons can be seen as solutions representing localized and non-dispersing lumps of energy held together by their own gravitational attraction, regardless of their staticity/dynamics [4] , topology [5] , asymptotic structure [6] , or presence/lack of horizons [7] . The notion of geon thus bears a close resemblance to that of soliton, namely, non-perturbative configurations of field theory where non-linear and dissipative effects balance each other so as to allow for the existence of long-lived excitations of the fields (see [8] for some books on the * viafonso@df.ufcg.edu.br † gonzalo.olmo@uv.es ‡ drgarcia@fc.ul.pt topic). Typically, solitons present a localized profile for their energy density and a non-trivial vacuum structure supporting different topological charges [9] (though nontopological solitons exist as well, see for instance [10] ), which provide a stabilizing mechanism, at least against weak perturbations. However, a number of theorems have been established forbidding the existence of soliton solutions in a large number of field theories [11] , though several approaches to circumvent them have also been developed, such as the introduction of non-canonical kinetic terms [12] . One of those theorems makes it impossible for such solitons to be supported by free gauge fields in four spacetime dimensions. Thus, it came as a big surprise when Bartnik and McKinnon [13] found particle-like solutions in the context of a Yang-Mills theory coupled to General Relativity (GR). Consequently, the discovery that gravity might stabilize solitons triggered a great deal of research on gravitational configurations with solitonlike features -see, for instance [14] .
Scalar fields constitute another system that has been extensively discussed in the context of gravitating configurations (for a pioneering work, see [15] ). In GR, most of the research in that direction has been devoted to seeking hairy black holes, namely, black holes with hair supported by scalar fields with different types of selfinteractions [16] (see also [17] for some recent reviews on such configurations). These objects represent extensions of the Kerr-Newman solution in the sense that, in addition to mass, charge, and angular momentum (the three quantities that emerge out of the uniqueness theorems and no-hair conjecture [18] ), they are surrounded by a cloud of scalar matter whose precise characterization is required in order to accurately describe their properties [19] . In particular, its presence allows for the existence of new phenomena such as superradiance [20] , which may trigger a "black hole bomb" instability [21] ). In addition to hairy black holes, "solitonic" configurations supported by scalar fields, such as boson stars [22] , gravitating skyrmions [23] , long-lived, quasi-stationary configurations around black holes [24] , as well as other types of scalar solutions [25] have also been considered. Moreover, the investigation on this kind of scalar field structures may be able to reveal deviations from GR [26] , for instance via scalar-tensor theories [27] .
In the present work we shall follow a different route and explore the possibility of finding geon-type configurations in modified theories of gravity coupled to free scalar fields. More specifically, the gravitational sector is taken to be an extension of GR dubbed Born-Infeld gravity [28] , which has attracted a great deal of attention in the last few years due to its many applications in astrophysics, black hole physics, and cosmology [29] (for a recent review, see [30] ). Interestingly, this theory has shown the ability to resolve spacetime singularities in a number of black hole [31] and cosmological [32] scenarios. Regarding the former, it has been found that when Born-Infeld gravity is coupled to (static and spherically symmetric) electromagnetic fields, an explicit realization of Wheeler's geon arises [33] . This result is related to the emergence of a wormhole structure replacing the GR point-like singularity of the Reissner-Nordström solution of the Einstein-Maxwell field equations, a feature overlooked in preliminary analyses of this setting [34] and with deep physical consequences. Despite the generic existence of curvature divergences at the wormhole throat, an in-depth analysis has revealed that the above mentioned geonic geometries are geodesically complete [35] , that is, physical observers are not unavoidably destroyed during their transit through the divergent curvature region [36] , and the scattering of scalar waves off the wormhole is well posed [31] , thus representing non-singular solutions 1 . It is worth pointing out that the above results follow from formulating Born-Infeld gravity in the Palatini approach, where no a priori constraint between metric and connection is introduced (see e.g. [39] for a pedagogical discussion). This is needed in order to ensure the second-order and ghost-free character of the resulting field equations, which is indeed a generic feature of the Palatini formulation of modified theories of gravity [40] . This is opposed to the higher-order field equations that generically arise within the standard metric formulation, where the metric is forced to be compatible with the connection (see e.g. [41] for some discussion on this issue). Following the finding of electromagnetic geons described above in the context of Born-Infeld gravity, the 1 Let us note that regular geometries supported by electromagnetic fields exist in GR under the form of a bundle of magnetic flux lines in static equilibrium held together by their own gravitational interaction, so-called Melvin Universe [37] . Such solutions also exist in the Born-Infeld gravity setup, see [38] .
main aim of this work is to investigate the potential existence of scalar geons, namely, static, spherically symmetric scalar fields without a potential term, in order to stick ourselves to the original spirit of geons as free, regular, self-gravitating configurations. This research is further motivated by the possibility of finding (horizonless) compact objects as alternatives to black holes, which could have an impact on the study of gravitational waves echoes [42, 43] following the observational results of LIGO [44] , or as sources of dark matter different from fundamental particles [45, 46] . We will indeed show that, depending on a typical scale determined by the interplay between the Schwarzschild mass and the Born-Infeld parameter, two classes of configurations are found: the massive ones have a wormhole structure with a minimum nonzero area, while for the lighter ones the radial coordinate extends all the way down to r = 0. Nonetheless, in both cases a solitonic energy density profile is found, resulting from the computation of total energy made up of the gravitational and scalar field contributions. The implications of the wormhole/non-wormhole structure for the regularity of the corresponding objects will be investigated making use of both curvature scalar and the completeness of geodesics. This paper is organized as follows: in Sec.II we introduce the action and conventions, obtain the field equations and cast them into a suitable form for their resolution in Sec.III. Analytical approximations in the limits of interest are performed in Sec.IV to understand the structure of the field equations, while in Sec.V numerical methods are used to solve them. The solitonic character of the solutions is analyzed in Sec.VI, while a different branch of solutions is characterized in Sec.VII. Gathering all these results, in Sec.VIII we discuss in detail the geodesic structure of both branches of solutions. We conclude in Sec.IX with a summary and a discussion on the interpretation of the results found.
II. BORN-INFELD GRAVITY COUPLED TO A SCALAR FIELD
A. Action and basic field equations
The action of the Born-Infeld gravity theory with matter can be written as
with the following definitions and conventions: κ 2 ≡ 8πG/c 4 is Einstein's constant; ǫ is a parameter with dimensions of length squared; g is the determinant of the spacetime metric g µν (and vertical bars will also denote determinants); the Ricci tensor (parenthesis denote the symmetric part) is defined from the Riemman tensor as
µβ is a function solely of the affine connection Γ λ µν (assumed symmetric for simplicity 2 ), which is a priori independent of the metric g µν (Palatini or metric-affine formalism); the parameter λ is related to the cosmological constant as λ = 1 + ǫΛ ef f (this follows from expansion of the action (1) in series of |ǫ| ≪ 1), and S m is the matter action with ψ m denoting collectively the matter fields. For notational convenience, we will denote the object inside the first square root as q µν ≡ g µν + ǫR (µν) (Γ), which is symmetric by construction.
Variation of the action (1) with respect to metric and connection leads to the two systems of equations
where q is the determinant of the auxiliary metric q µν ,
δgµν is the stress-energy tensor of the matter, and covariant derivatives are taken with respect to the independent connection Γ λ µν . To solve these equations one first notes that Eq.(3), which is fully equivalent to ∇ α q µν = 0, simply expresses the compatibility between the independent connection Γ λ µν and the metric q µν , i.e. the former is given by the Christoffel symbols of the latter, that is
From the definition q µν ≡ g µν + ǫR (µν) (Γ), one can introduce a deformation matrix Ω α ν by writing
which, according to (2) , satisfies the algebraic equation
where |Ω| ≡ det Ω µ ν , for a more compact notation. It is important to realize that solving this equation provides a relation Ω µ ν = Ω µ ν (T α β ), which means that the deformation matrix Ω α ν that relates the two metrics in Eq. (5) can be solely expressed as a function of the matter sources and the metric g µν . Now, to write the field equations (2) in amenable form for calculations, we contract them with the metric g αν and, using Eq. (5), we obtain the result
where
, and L G denotes the BornInfeld gravity Lagrangian, which can be written as
The system of equations (7) has several appealing features. First, as all the terms on the right-hand-side are just functions of the matter fields, they represent a system of Einstein-like second-order field equations for the metric q µν , with all the sources representing a modified stress-energy tensor. Since the physical metric g µν is related to the auxiliary one q µν via the matter-dependent matrix Ω α ν appearing in the transformation (5), the field equations for g µν will be second-order as well. Second, one finds that in vacuum, T µ ν = 0, the field equations (7) recover GR plus a cosmological constant term, which implies the absence of extra propagating degrees of freedom. These two properties seem to be a generic feature of the Palatini formulation of classical theories of gravity [40, 48, 49] .
B. Scalar matter
As the matter sector of our theory we take a scalar field described by the standard action
where X ≡ g µν ∂ µ φ∂ ν φ is the kinetic term and V (φ) the potential. In this work we shall assume a static spherically symmetric spacetime, whose line element can be conveniently written as
where dΩ 2 = dθ 2 +sin 2 (θ)dϕ 2 is the angular sector, while A(x), B(x) and r(x) are three independent functions to be determined via the gravitational plus matter field equations. The latter follow from variation of the matter action (9) with respect to the scalar field φ, which yields
with the notation φ x ≡ dφ dx and V φ ≡ dV dφ , while the stressenergy tensor reads
,
where |Ω| = Ω 3 + Ω − . To further specify our setup we recall that we are looking for geonic solutions, i.e., self-gravitating free fields, which means that they are not supported by any degeneracy on the vacuum solutions of the potential (like, for instance, in the case of solitonic solutions supported by topologically non-trivial configurations in a flat spacetime [9] ), and thus we take V (φ) = 0. This way the scalar field equation (11) can be simply integrated as
where C is an integration constant. Therefore, the form of the scalar field is completely specified by the metric functions, i.e., the geometry determines the form of the scalar field. We thus find that the function X = Bφ 2 x that appears in the scalar field Lagrangian L m and on its field equations can be written as X = C 2 r 4 A , which has an interesting formal similarity with the solution corresponding to an electric field found in [33] (14) and (15) become
and the field equations (16) can be written under the compact form
The equations are now ready for working out their solutions.
III. EXPLICIT FORM OF THE FIELD EQUATIONS
To solve the field equations (19) , in this section we shall closely follow Wyman's approach [50] , corresponding to the problem of a gravitating scalar field in GR (see also [51] for previous relevant results on self-gravitating, free scalar fields). On this approach one employs the scalar field as a radial coordinate, i.e., we take φ x to be a constant, φ x = v 0 . This allows to write the following two line elements for the spacetime and auxiliary metrics, suitably adapted to our problem (see Appendix IX for full details on the justification of this choice):
where the constant C 0 = C/v 0 while the relation between the metric coefficients ν,ν, W,W , and the radial coordinates x and y follows from the transformations (5) as
With the above line elements, one readily verifies that the scalar field equation is just φ xx = 0, which implies φ = v 0 x + φ 0 , where φ 0 is an integration constant. Now, the components of the Ricci tensor for the metric q µν in Eq. (20) become
which are needed to solve the field equations (19) . Now, since the right-hand side of such equations can be read as a modified stress-energy tensor τ µ ν , from the combinations R t t = τ t t , R y y − R t t = τ y y − τ t t , and R θ θ = τ θ θ , the field equations (19) can be expressed as
has dimensions of length 4 . Our problem thus boils down to solving these equations forν andW and then use the relation between g µν and q µν to completely determine the line element generated by the scalar field. It should be noted that Eq. (29) is a constraint that the solutions to (27) and (28) must satisfy. As will be seen later, this constraint will introduce a relation between the two integration constants that characterize the functionW [see Eq. (41), (49) and (79)] .
Given the strongly nonlinear character of Eqs. (27), (28) and (29), numerical methods will be necessary to find solutions. It must be noted, however, that there is still an algebraic part we must take care of before being able to integrate these equations numerically. The difficulty lies on the fact that the variable
−ν is referred to the variables W and ν, while our equations involve derivatives ofW and ν. In order to rewrite X ǫ in terms of the variablesW and ν, let us define θ ≡ (ǫκ 2 0 /2)C 2W 4 e −ν so we have
The square of this equation can be straightforwardly solved and leads to the relation
By definition, X ǫ is linear in ǫ. In the following we will take the negative branch of ǫ as it directly leads to nonsingular bouncing solutions in cosmological models [32] and nonsingular black hole spacetimes in electrovacuum configurations [31, 36] . Therefore, we shall keep the negative branch of the square root in (31) . In Sec.VII we will consider the ǫ > 0 case for completeness. The field equations are now almost ready for their analysis but, first, we need to precise a bit more the notation that will be employed hereafter.
A. Comments on the notation
Before proceeding further, it should be noted that X ǫ is a dimensionless quantity, which can be used to introduce some useful notation in dimensionless form. In particular, introducing the length-squared scales ǫ ≡ −2l (21) should thus be seen as the dimensionless quantity ds 2 /r 2 ǫ , with dt → dt and dy → dŷ also dimensionless (or measured in units of r ǫ , which is the natural scale of the problem). From now on we will use this dimensionless form of the field equations but omitting the hats to avoid unnecessary redefinitions. Nonetheless, to be fully consistent, we will also use the notation z ≡ r/r ǫ and z ≡r/r ǫ for the radial coordinates.
IV. ANALYTIC APPROXIMATIONS A. GR limit (asymptotic behavior, θ → 0)
According to the redefinitions that lead from the line element (97) to (21) and the above notation, it is clear thatW = 1/z. This implies that the limit θ → 0 represents the asymptotic far region, whereas θ → ∞ must be seen as the internal region (this point will be verified numerically later). When θ → 0 one gets
2W 4 e −ν < 0). With the dimensionless notation introduced in the last section we have θ ≡ −W 4 e −ν . Then, in the asymptotic limit θ → 0 (z ≫ 1 and e −ν → 1), and setting λ = 1 + ǫΛ ef f → 1 for simplicity, we find
As the function |θ| assumes very small values, the GR equations [50] are nicely recovered. Indeed, in that limit, the above equations becomeν
which can be readily integrated as
where α, β, a, b are integration constants. In GR, asymptotically flat solutions require a = −b [50] and then
). Since we are interested in the modifications induced by the Born-Infeld dynamics near the center, this is the set of asymptotic boundary conditions we will use in our problem. To be more explicit and better visualize the above exact solutions, it is useful to write them in terms of the radial coordinatez. From the solution [50] 
where γ = √ α 2 + 2κ 2 /2, the line element in the GR limit thus takes the form
In the asymptotic far region (y → 0 orz → ∞), this line element turns into
with e ±α/z ≈ (1 ± α/z), thus confirming its asymptotic flatness. From the spatial sector of the metric, e β /C 2 0 = 1 appears as a natural choice for β. The remaining e β term in the time component can be absorbed into a redefinition of the time coordinate. In this way, the resulting metric coincides with the far limit of the Schwarzschild solution if we take α = −2M/r ǫ . Recalling the relation betweeñ z andr = r ǫz and given that in the asymptotically far region r ≈r, the term α/z becomes −2M/r, as one would expect.
B. Internal region (|θ| → ∞)
The internal region corresponds to the limit when |θ| → ∞. Here we find that X ǫ ≈ −1 + 1/(2|θ| 2/3 ), Ω + ≈ |θ| −1/3 , and Eqs. (27)- (29) reduce toν
(46)
From the above limit, we see that in the central region the field equations behave exactly like in the asymptotic (GR) limit up to a redefinition of constants [compare to Eqs. (35)- (37)]. In this limit the field equations can also be analytically integrated yielding
where l 1 and l 2 are integration constants while we have defined l κ = 4κ 2 0 + l 2 2 and the condition 0 =
κ that follows from (47) has been used. We note that given that l κ > |l 2 |, in the limit y → ∞ only the second term inW center (y) survives. As κ 0 is a fixed quantity, the numerical integration will allow us to adjust the coefficients l 1 , l 2 and D 2 once initial conditions are given in the asymptotic far region (y → 0).
Before getting into the numerics, let us discuss analytically the asymptotic behavior of these solutions. It is easy to verify that in the limit |θ| → ∞, the physical line element takes the form
Given that z 2 (y) ≈ W 2 eν
and, for ǫ < 0, (50) can be written as
Using the explicit relation between z and y specified by z 2 (y) and Eqs. (48) and (49), i.e., z
For comparison, in the GR case the line element in the y → ∞ limit behaves as
which is equivalent to
It is worth noting that the line element in the GR case is very sensitive to the value of α. Since α is related to the asymptotic Newtonian mass as α = −2M/r ǫ (see Sec. IV A above) and the quotient κ 2 0 /α 2 ∼ 0 in physically reasonable situations 3 , thus γ = (|α|/2) 1 + 2κ 2 0 /α 2 ∼ |α|/2 and the ratio α/m + ≈ −2α 2 /κ 2 0 is expected to be negative and very large. The behavior of (52) instead is more universal, being the exponents of the radial dependence of the metric components independent of the values of the parameters that characterize those solutions. On the other hand, one can verify that, despite differences, the two line elements above lead to a Ricci tensor with vanishing components except for r
2 θ in the GR case, and r 2 ǫ R rr = −6 z −2 , R θθ = 1, R ϕϕ = sin 2 θ in the Born-Infeld case, both having an 1/z 2 dependence in this region. With additional calculations, one finds that in the Born-Infeld case the Kretschmann and Ricci scalars have a universal power-law behavior (independent of the parameters that characterize the solution) given by
whereas in the GR case the power-law is very dependent on the details of the far solution
(recall that α < 0 and m + > 0). This puts forward that the Born-Infeld gravity dynamics has been able to soften and universalize the amplitude of curvature scalars in the interior region. Later we will study the implications of these results for the regularity of the corresponding spacetimes.
V. NUMERICAL ANALYSIS
We will next find numerical solutions for the set of equations (27)- (29) subject to the asymptotically flat initial conditions given in Sec.IV A. Taking advantage of the fact that in the two asymptotic regions (far and interior) an analytical expression for the solutions is known, we will also obtain functional fittings forν andW . The unknown coefficients of the analytical approximations will thus be obtained by comparison with the functions fitting the numerical solutions. This way we obtain ("Fit" stands for fitting solutions)
3 Recall that κ 2 0 actually represents the dimensionless quantity κ 2 v 2 0 r 2 ǫ , where κ 2 v 2 0 is an inverse squared length scale associated to the amplitude of the scalar field, φ = v 0 x. Given that rǫ = √ lǫr C is the natural scale of the problem, we can assume l 2 φ = 1/κ 2 v 2 0 to be bigger than r 2 ǫ or, at least, of the same order of magnitude, which implies κ 2 v 2 0 r 2 ǫ ≤ 1.
y ∞ is the largest value assigned for the radial coordinate y and the y c values correspond to the center of the energy density distribution (determined numerically) for each value of α (see Sec. VI). For the sake of illustration, in Table I . Some examples of the fitting parameters in Eqs. (60) and (59) resulting from the numerical computations for four representative values of α .
The results of the numerical integration and the fitting functionsν F it (y) andW F it (y) are plotted in Figs. 1 and  2 , respectively, where the deviations with respect to the GR behavior for θ → ∞ (y → ∞) are manifest. In such region bothν(y) and logW (y) present a linear behavior, which can be explicitly fitted tõ
The values of the unknown coefficients l 1 , l 2 , l 3 in the equations above are numerically fitted for some representative values of α, and displayed in Table II , where we also include the value of D 2 = exp(l 3 ), which is directly connected to Eqs. (48) and (49) . Table II . Some examples of the values fitted numerically corresponding to the coefficients l1, l2, l3, D2 in Eqs. (60), (61) and (62), for several values of α.
In terms of the above fitting solutions one can compute the metric components of (20) and (21) and then analyze the scalar field configuration in the full range.
A. Spherical sector
From the exact GR solution presented in Eq. (43) one finds that the radial function z 2 = 1/W 2 (y) approaches z → 0 exponentially fast in the limit y → ∞, i.e., z 2 ≈ 4C 2 0 e −β γ 2 e −2m+y , where m + = 1 2 (α + √ α 2 + 2κ 2 ) > 0. In the Born-Infeld gravity case under study, we also find an exponential behavior, z
3 (2l2+l k )y , though the sign of the constants in the exponential cannot be guessed a priori. However, from the numerical analysis (see Table II above), we see that the value of l 2 is very close to the value of the constant α, where for each studied case we have that l 2 < 0. In fact, l 2 can be put in linear relation with α, as shown in Fig. 3 below. Now, recalling that l k = 4κ 2 0 + l 2 2 , it is easy to see that for l 2 > −2κ 0 / √ 3 the combination 2l 2 + l k in the exponential is positive, thus implying that z 2 goes to zero as y → ∞, like in the GR case. However, for any l 2 < −2κ 0 / √ 3, the exponential changes sign and grows unboundedly as y → ∞. The behavior of the solutions can thus be classified in two types depending on whether they represent massive objects, i.e., |l 2 | ∼ |α| being large as compared to 2κ 0 / √ 3; or light objects, |l 2 | small as compared to 2κ 0 / √ 3. Furthermore, for massive objects the radial function z(y) reaches a minimum and bounces off, which can be naturally interpreted as a signal of the presence of a wormhole 5 , namely, a topologically nontrivial configuration connecting two regions [52] , with that minimum representing its throat. For lighter configurations such a minimum (and thus the wormhole structure) disappears and the radial function extends all the way down to r = 0. More explicitly, Fig. 4 shows, in parameterized form, the evolution of the radial function z(y) = 1/(Ω +W (y)) for different values of α. The existence of a minimum radius is evident for |α| 0.8. A numerical analysis puts forward a linear relation between the wormhole throat radius (z th = z min ) and the value of α (see Fig. 5 ).
With an appropriate constant rescaling of units in the line element, this linear relation can be brought into the more suggestive expression r th ≈ |α|r ǫ = 2M , which is valid for all |α| 0.8. The coincidence of this value with the location of the event horizon in Schwarzschild black holes of mass M is certainly remarkable and could not have been anticipated before the numerical analysis.
For lighter configurations, we can use an approximated linear form for l 2 as a function of α, in order to determine the critical value, α c , for which the change of wormhole/non-wormhole regime occurs. Thus, for |α| ≤ 1, the fitting of the numerical results, see Fig. 3 , gives l 2 = −0.330976 + 1.00735 α, which leads to the critical value α c ≈ −0.82. A rough estimate of the corresponding critical Schwarzschild mass gives the result M c = − 1 2 r ǫ α c ≈ 0.41r ǫ ≈ 0.013.
B. Scalar sector
It is time now to study the behavior of the scalar field. Let us recall that we have identified the radial coordinate with the scalar field, x ↔ φ(x). Therefore, from the change of variables (23), suitably expressed as dx = J xy dy = |1 − X ǫ | dy = (1 − X ǫ ) dy, we can write φ(y) = (1 − X ǫ )dy. This way, an analytical function fitting the numerical solution for J xy can be found as
In Fig. 6 we observe that (J xy ) F it fits well the numerically integrated function J xy with the parameters depicted in Table III . This allows us to integrate the approximating function (J xy ) F it so as to obtain the approximated field profile φ A (y) as
shown in Fig. 7 , along with its inverse y(x) = φ −1
A (x). We will see in the next section that, despite its innocent appearance, the presence of the scalar field gives rise to a remarkable rich and interesting structure.
VI. SOLITONIC BEHAVIOR
When Eq.(17) was presented, it was mentioned that the free scalar field is completely determined by the geometry. However, the geometry is also specified by the scalar field and, therefore, the final solution is the result of a nonlinear interaction of the scalar field with itself through the metric it generates. As a consequence, in the discussion of the energy associated to this type of solutions one should take into account not only the energy of the scalar field but also the energy stored in the gravitational field generated by the scalar field. In this sense, the scalar field energy density can be read from the T 00 component of its stress-energy tensor in Eq. (12), which gives T 00 = − 1 2 g xx φ 2
x g 00 = − 1 2 g xx g 00 , in the representation φ x = 1. Then, using the relations
the energy density of the scalar field becomes
66) Using the numerical solution obtained in Eq. (64), it turns out that the scalar field energy density per unit time (66) is divergent as it approaches the center (corresponding to y → ∞ and
). An alternative measure of the total energy density, which has been used previously in the context of BornInfeld gravity coupled to electromagnetic fields with interesting results [46] , is the spatial part of the integrand of the action functional calculated on the solutions. This quantity can be seen as associated to the energy of the scalar field plus a gravitational binding energy. In the case of a scalar field coupled to GR, this quantity is proportional to the scalar field potential and, therefore, vanishes for free fields. In the Born-Infeld theory, however, the total action of the theory evaluated on the solutions takes the form
(recall that X ≡ g µν ∂ µ φ∂ ν φ) and can be rewritten in terms of the deformation matrix Ω µ ν and the relation (65) as
where we have used the coordinate change (23) . As we are considering free fields, the energy density defined by the Lagrangian density becomes
whose behavior can be studied using the analytical and numerical results of previous sections.
In this sense, as depicted in Fig. 8 , for any value of the integration constant α in Eq.(60) the total energy density presents a characteristic profile made up of a lump of energy localized in a finite region of space, while it vanishes both in the asymptotic limit, θ → 0, and in the central region, θ → ∞. As already discussed in the introduction, the localization of the energy density (scalar plus gravitational in this case) in a finite region of space is a characteristic feature of solitonic configurations. Note that the variation of the integration constant α makes the localization of the lump of energy density to be shifted and its width to be changed, though both the localized nature and the amplitude of the lump remain unchanged.
Comparing the calculations made with l ǫ = 10 −3 and l ǫ = 10 −1 in Figs. 8 and 9 , respectively, we see that the effect of increasing the relative strength of the gravitational Born-Infeld corrections, encoded in l ǫ , is to shift the location of the maximum of the energy density farther from the center of the solution (located at y → ∞) and to increase its width, while its height remains unchanged. None of these solitonic features is found for the GR counterpart (corresponding to l ǫ → 0).
To get further into this interpretation we can take a glance at the behavior of the curvature scalars. As depicted in Figs. 10, 11, 12 and 13 , there is indeed a correlation between the lump of energy and such scalars, as the latter take their maximum value approximately at the center of the lump. This result strongly deviates from the GR case, where nothing in the curvature scalars tells us about the existence of scalar solitonic structures. A glance at Fig. 14 shows that the peak of the lump is localized at the wormhole throat. It must be noted that also in the cases without wormhole the lump localizes on a thick shell away from the center.
VII. CASE WITH ǫ > 0
In sections V and VI above, we have solved the field equations (27) , (28) and (29) under the assumption ǫ = −2l 2 ǫ < 0 and discussed the physical properties of the solutions. For completeness, in this section we shall study the branch ǫ > 0 and compare the results of both cases. Let us first consider the two regions of interest. In this sense, in the asymptotic limit, |θ| → 0, we find that these equations boil down to 
which recover the GR behavior there, like in the ǫ < 0 case, see Eqs. (35), (36) and (37) . In the central region, |θ| → ∞, we find instead Figure 14 . Linear relation between the location of the wormhole throat and the location of the peak of the total energy density for ǫ < 0. Within the numerical accuracy, they are coincident.
It is immediately seen that the equation (76) forW gets simplified as compared to the case ǫ < 0, see Eq. (28), which in turn modifies the inner behavior of the solutions. Indeed, now it is possible to analytically integrate the equations at the center of the solutions as
where L 1 and L 2 are integration constants to be determined by means of the numerical computation, and we have defined
Using the asymptotic limits above we have implemented a similar numerical strategy as in the ǫ < 0 case. As the most relevant results, we find again evidence of existence of wormhole structures, again for α −0.8, see Fig. 15 , for which the radial function z(y) bounces off to z → ∞ after reaching a minimum (the throat). As in the case with ǫ < 0, for ǫ > 0 the location of the throat is also determined by the mass of the object (see Fig. 16 ). Such structures disappear for objects with lighter masses (α closer to zero), which is a similar result as in the ǫ < 0 case.
that arises in the |θ| → ∞ limit, the existence of wormhole/non-wormhole structures is justified by a change of sign in the parameter L 2 around α ≃ −0.8. In fact, for α < −0.8 we observe L 2 < 0 as y → ∞, which leads to a minimal 2-sphere or radiusz min = lim y→∞ 1/W = −L 2 /D 1 for the auxiliary metric. Consequently, z 2 (y) ∝ e −L2y/3 grows with increasing y, corresponding to a wormhole. On the other hand, when L 2 > 0 one finds thatz ∝ e −L2y goes to zero as y grows. In this case, L 2 > 0 implies that z 2 (y) ∝ e −L2y → 0 as y → ∞.
In the present case, computation of the total energy density made up of the gravitational and scalar field contributions, Eq.(68), for wormhole and non-wormhole configurations, yields again a localized profile at a finite distance, but now it represents a well instead of a lump, as such an energy density is negative [see Fig. 17 and the definition of total energy density in Eq. (68)]. Unlike in that case, the location of the peak is not related to extrema of the curvature scalars, see Fig. 18 , though it coincides with the wormhole throat when it exists.
Curvature scalars can be indeed computed using the generic form (50) obtained for the line element when |θ| → ∞ but taking into account that for ǫ > 0 we have lim |θ|→∞ dx 2 ≈ dy 2 /(4|θ| 4/3 ). As a result, the line element takes the form
with curvature scalars given by Figure 15 . Radial function z = 1/(rǫΩ+W (y)), and the total energy density |ε BI+φ |, as a function of the coordinate y for different values of the parameter α. The limits |θ| → 0 and |θ| → ∞ determine the asymptotic (GR-like) and central regions, respectively. For α −0.8 a minimum in the radial function is found, which signals the presence of a wormhole structure. Figure 16 . Linear relation between the location of the wormhole throat and the parameter α = −2M/rǫ in the case ǫ > 0.
which are divergent both in the z → 0 and z → ∞ limits.
VIII. GEODESICS
Given that in the cases studied above the geometry far from where the scalar field is localized is asymptotically flat and recovers that of GR, the discussion of geodesics is only relevant in the interior region (y → ∞). For this reason, in this section we consider the analytical approximations obtained so far to discuss their properties in both GR and the Born-Infeld gravity cases. This will also allow us to discuss the regularity of these spacetimes attending to the criterion of geodesic completeness, namely, Figure 17 . The total energy density for the combined system gravity + matter, ε BI+φ (y) in Eq. (69), with Born-Infeld parameter lǫ = 10 −3 , for several values of the parameter α. When a wormhole exists, the minimum of the curve coincides with the location of the throat. Figure 18 . Behavior of the curvature scalars for ǫ > 0, compared to the total energy density.
whether any geodesic curve can be extended to arbitrarily large values of their affine parameter, and which plays a fundamental role in the singularity theorems [53, 54] . This captures the intuitive notion that in a physically consistent spacetime neither information nor physical observers (idealized as null and time-like geodesics, respectively) should be allowed to suddenly disappear or emerge from nowhere.
We point out that, in application of Einstein's equivalence principle, which dictates that test particles follow geodesics of the spacetime metric g µν , in the action (67) describing our theory the matter does not couple directly to the connection (this is obvious for scalar fields). For this reason, we will focus on the geodesics of the metric g µν . In general, should an explicit dependence on the connection in the matter sector be allowed, then one would be led to consider the geodesics associated to the independent connection as physically meaningful (see [55] for an extended discussion on geodesics in metric-affine spaces).
The above discussion implies that a geodesic curve γ µ = x µ (u), where u is the affine parameter, extremizes the functional [56, 57] 
This means that x µ (u) must satisfy the equation
where Γ µ αβ (g) are the Christoffel symbols associated to the spacetime metric g µν . In the case of a spherically symmetric metric of the form
where the parameter k = 1, 0, −1 corresponds to spacelike, null and time-like geodesics, respectively. For timelike geodesics, the conserved quantities E = √ DCdt/du and L = r 2 (x)dϕ/du (due to staticity and spherical symmetry) have the interpretation of the total energy per unit mass and angular momentum per unit mass, respectively, around an axis normal to a plane (which can be chosen to be θ = π/2 without loss of generality). For null geodesics this interpretation cannot be sustained, but the quotient L/E can be identified instead as an apparent impact parameter from asymptotic infinity [57] .
Using the line elements (52) and (80), the above expression (85) yields
where a ǫ and n ǫ are defined as
To proceed with the discussion of geodesics, we must now distinguish between wormhole and non-wormhole configurations.
A. Non-wormhole case
In the non-wormhole case, in which z → 0 as y → ∞, it is easy to see that for geodesics with angular momentum L = 0 (and any value of k), the right-hand side of (86) must necessarily vanish at some finite and small radius as z approaches zero. This means that such geodesics attain a minimum and then bounce to increasing values of the radial coordinate. This way they, evidently, never reach the center.
When L = 0, time-like geodesics also bounce. On the other hand, for radial null geodesics (L = 0 = k), Eq. (86) can be easily integrated leading to
where u 0 is an integration constant, and the ± sign represents outgoing/ingoing geodesics, respectively. It is easy to see that ingoing geodesics take an infinite affine time to reach the origin. Similarly, the initial condition at the center for outgoing geodesics must be set at u → −∞. This result puts forward that these spacetimes are geodesically complete, with the center located beyond the reach of geodesic observers and light rays. The curvature divergences that arise at z → 0 [see Eqs. (55) and (82)] are thus inaccessible. This situation is reminiscent of that found in some recently studied Palatini f (R) theories sourced by anisotropic fluids [58] or electromagnetic fields [59] , with the interesting result that the GR point-like singularity is generically replaced by a finitesize wormhole structure. Though curvature divergences appear at the wormhole throat, this structure lies on the future (or past) boundary of the spacetime and cannot be reached in finite affine time. Note also that for spatial geodesics (with L = 0), the geodesic equation leads to u ∝ ln z when ǫ < 0 and to u ∝ 1/z 4 for ǫ > 0 . This implies that z → 0 is at an infinite affine distance and confirms that also spatial geodesics are complete.
In order to facilitate the comparison with GR, we note that in the limit y → ∞ the geodesic equation takes the form
Given that to get the correct weak field limit we need α = −2M/r ǫ < 0 and that m + > 0, we see that the factor γ z α m + on the right-hand side goes to zero as z → 0. Moreover, for sufficiently massive objects one has |α|/m + ≈ γ/m + ≫ 1, which implies that time-like and L = 0 geodesics behave like radial null geodesics near the origin. For radial null geodesics in the approximation above 6 , equation (89) can be integrated to get
It is clear from this expression that nothing prevents these GR geodesics from reaching the curvature divergence at the origin in a finite affine time. The contrast with the Born-Infeld gravity case is thus remarkable.
B. Wormhole case
In the wormhole case, the function z(y) diverges as y → ∞. This means that, regardless of the values of k and L, Eq.(86) tends to the case of radial null geodesics of Eq.(88) but with z → ∞ instead of z → 0. The difference is significant, as now all geodesics can reach the asymptotic infinity in a finite amount of (affine) time. The wormhole, therefore, gives rise to a completely different scenario. It is worth noting that the property of reaching the boundary z → ∞ in a finite affine time is independent of the behavior of curvature invariants. In fact, for ǫ < 0 this region has finite invariants, whereas for ǫ > 0 they are divergent. The lack of correlation between curvature scalars and geodesic structure seems to be quite generic in theories beyond GR [58] .
C. Numerical analysis and effective potentials
In the previous subsections we have studied the asymptotic behavior of geodesics in the internal region according to approximate analytical expressions obtained before. The matching of these asymptotic curves with their GR limit in the external region can be obtained numerically. In Fig. 19 , for instance, the trajectory of a radial null geodesic that goes from the GR region through the wormhole is shown. Non-radial null geodesics in wormhole configurations may go through the wormhole or bounce, depending on their initial energy. In order to quickly visualize the many situations one may encounter, it is useful to plot the effective potentials associated to various configurations. The effective potential we are referring to appears on the right-hand side of (85) and can be written as
For null geodesics (k = 0) the above potential simply reads
which presents similar profiles for all non-radial cases. Moreover, it can be verified that these profiles are qualitatively similar in the ǫ > 0 and ǫ < 0 branches. To illustrate the general behavior, the case with L = 10 is shown in Fig. 20 . There we observe again the transition between the wormhole (|α| large) and non-wormhole (|α| small) cases, such that in the former case those geodesics with enough energy to overcome the maximum of the potential barrier will be able to go through the wormhole throat and reach y → ∞ in finite affine time (this was shown above analytically), while in the non-wormhole case any geodesic will bounce at some finite distance from the center due to the growing barrier as y → ∞, thus corresponding to geodesically complete solutions. For time-like geodesics (k = −1) the shape of the potential (91) is depicted in Fig. 21 for different values of the angular momentum L. The difference between wormhole and non-wormhole configurations is evident from the plots, with the latter exhibiting a growing trend as y → ∞. For L = 0, the non-wormhole potentials may lead to minima in which particles could remain stable against radial perturbations. For the wormhole configurations, if the particle has enough energy to surpass the potential barrier near the throat, the interior region offers no resistance at all to its propagation, as V ef f → 0 rapidly as y grows. If the particle has not enough energy, then it will bounce before reaching the wormhole and remain in the GR external region.
IX. CONCLUSIONS AND DISCUSSION
In this work we have investigated the existence of scalar geonic configurations, namely, self-gravitating solutions supported by a massless, free scalar field. For this purpose we have considered a well motivated extension of GR, dubbed Born-Infeld gravity, characterized by a single length-squared parameter, and which recovers the dynamics and solutions of GR in the low energy-density limit.
After working out the field equations in suitable form for its analysis, we have used a combination of analytical approximations and numerical computations to solve them for the gravitational sector and the scalar field. Two relevant features have emerged out of this analysis. The first one is the existence of two different kinds of structures depending on the value of the constant α = −2M/r ǫ (which measures the relative size between the scale of the Born-Infeld gravity corrections, r ǫ , and the Schwarzschild radius associated to the particular solution considered). In this sense, for α −0.8, a wormhole structure with a finite minimum area (corresponding to the throat) arises, whereas for α −0.8 the topology remains Euclidean and the solutions represent a kind of spherical condensate. These results hold true in both the ǫ < 0 and ǫ > 0 cases. Despite having curvature divergences at the center, r → 0, the non-wormhole structure turns out to be geodesically complete due to the fact that the center of the solutions, r = 0, lies on the future (or past) boundary of the spacetime, as it cannot be reached in finite affine time by geodesic observers or radiation (this is similar to recent results obtained in some Palatini f (R) theories containing wormhole solutions [58, 59] ). On the other hand, in the wormhole cases the throat can be reached and crossed by light rays and particles with energy above the maximum of the effective potential barrier. Once crossed, the internal asymptotic infinity is always reached in a finite affine time, putting forward the geodesic incompleteness of these configurations regardless of the behavior of curvature scalars as y → ∞.
An interesting feature of the obtained solutions is related to the total energy density associated to the gravity plus scalar sectors. A solitonic profile has been found representing a lump/well of energy concentrated on a finite region of space around the wormhole throat, while vanishing away from it, which is a typical property of soliton configurations on a flat spacetime. Non-wormhole configurations also exhibit this shell-like distribution of energy, whose maximum is not localized at the center of the solutions. This feature was checked to exist for different values of the Born-Infeld length parameter and different values of the integration constants of the problem.
Remarkably, the location of the wormhole throat is linearly related with the parameter |α|, having enough freedom in the choice of parameters and units to make it coincide with the corresponding Schwarzschild radius of a black hole with the same mass, i.e., r th = 2M . This intriguing property arises as a result of the analytical and numerical analysis and by no means could have been anticipated from the field equations before their numerical integration or designed a priori in an attempt to replace event horizons by wormhole throats.
Whether these objects could have any astrophysical significance is a matter that will be explored in detail elsewhere given the importance of discriminating between black holes and other compact objects, as pointed out recently in the context of gravitational wave emission by Cardoso et al. [42, 60] , using traversable wormholes (and other horizonless compact candidates) disguised as black holes. In the case of scalar geons considered here, the lack of an event horizon together with the incompleteness of geodesics in the wormhole configurations indicates that they are some kind of naked singularity, but with bounded total energy density (and curvature scalars as well in the case of ǫ < 0). On the other hand, the fact that they can be smoothly connected with geodesically complete solutions (those with Euclidean topology) suggests that the wormhole configurations could be unstable or represent transients, and that they might dynamically decay into lighter, more stable forms. The dynamical process of going from Euclidean topology configurations to non-Euclidean ones is likely to represent critical phenomena [61] and is interesting on its own, as is the process of quantum particle creation in those rapidly changing backgrounds [62, 63] . Research in these directions is currently underway. 
APPENDIX
In this appendix we provide the main elements justifying the suitability of the choice (20) and (21) for the line elements of the auxiliary and spacetime geometries, respectively. To start with one can introduce two line elements, suitably adapted to the symmetries and the two-metric structure of our problem, as
for the spacetime metric g µν and the auxiliary q µν metric, respectively. In these line elements, B(x), Φ(x), r(x),B(x),Φ(x) andr(x) are functions to be determined through the resolution of the field equations, and which are related to each other via the transformation (5) or, explicitly, by e 2Φ = Ω + Ω − e 2Φ ; B = Ω −B ;r 2 = Ω + r 2 .
With these definitions the first integral of the scalar field equations (17) reads
Next we follow Wyman's approach, whose trick lies on employing the scalar field as radial coordinate, i.e. or, in other words, to make φ x to be a constant, φ x = v 0 . Then one can write Eq. (96) 
The final step is just to use this form of the line element to motivate the introduction of the ansätze given by Eqs. (20) and (21), which simplify many calculations.
